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1. INTRODUC~ON 
S. M. Ulam in his “Adventures of a Mathematician” [U] raised the 
following question: 
Someone thinks of a number between one and one million (which is just less than 
2”). Another person is allowed to ask up to twenty questions, to each of which 
the first person is supposed to answer only yes or no. Obviously the number can 
be guessed by asking first: Is the number in the first half-million? and then again 
reduce the reservoir of numbers in the next question by one-half, and so on. 
Finally the number is obtained in less than log,(lCHXtOOO). Now suppose one were 
allowed to lie once or twice, then how many questions would one need to get the 
right answer? One clearly needs more than n questions for guessing one of the 2” 
objects because one does not know when the lie was told. This problem is not 
solved in general. 
Several answers to Ulam’s problem and its generalizations are given in 
the literature. 
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A complete solution for Ulam’s problem with one lie was obtained by 
Pelt [PI. His main theorem states: 
-for even IZ, q questions are sufficient to determine an unknown 
integer between 1 and it iff n(q + 1) I 2q; 
-for odd n, q questions are sufficient to determine an unknown 
integer between 1 and n iff n(q + 1) + (q - 1) I 2q. 
Solutions for the problem with two lies can be found in [Cl, C2], and [G]. 
In [Cl] the authors show that 29 questions are sufficient to determine the 
unknown element in (1,. . . , lOOOOOO]. 
In [C2] it is shown that if the unknown element is in the set (1,. . . ,2”} 
and the Responder may lie at most twice, then q queries are sufficient to 
find it iff 
2” . 
q2+q+2 
2 
I 24, 
with n 2 3. The cases n = 1,2 are also considered in that paper. 
In [G], more generally, it is shown that if the unknown element is in the 
set (1,. . . , n}, then q queries are sufficient to find it, iff 
q2+q+2 
n. 
2 
I 24. 
In the paper the author shows that one more question is necessary only for 
n = 3,4,5,6, 9,10,11,17,18,29,30,51,89. 
In [N], the case of three lies was solved for the search space 
{1,2,. . . , 1000000). In that paper the authors show that 33 questions are 
necessary and sufficient to determine the unknown element. 
In the present paper we give a solution of Ulam’s problem for three lies, 
when the search space has size 2”‘. We show that, for m = 1, m = 4, and 
m 2 6, the unknown number can be determined in q questions, where q is 
the well-known Hamming’s bound [VI which was given as the lower bound 
for Ulam’s problem by [Br, R]: 
q = min p: 2” * 
3 P c( 1 i I 2p. i=O 
For the three exceptional cases m = 2,3,5, we prove that the minimal 
number of questions is given by the above value of q increased by one. 
Our techniques are quite similar to those developed in [PI, [C2], and [G], 
but as pointed out by Kleitman [K] the proofs in this case are more 
complicated. 
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2. DEFINITIONS AND NOTATIONS 
The game is played by two players: the Questioner and the Responder. 
The Responder chooses an element e in the search space (1,. . . ,2”) 
unknown to the Questioner, who has to find it out by means of 4 queries 
of the form “does e E Q?,” where Q is an arbitrary subset of the search 
space. The Responder may lie at most three times. If the Questioner has a 
winning strategy to determine the hidden number in 4 queries indepen- 
dently of the Responder’s answering strategy, we say that he wins the 
game in q questions. Our interest is focused on the minimal q, necessary 
to the Questioner to win the game, for a given m. Let e be an arbitrary 
element in the search space. Each stage of the game is associated with a 
state, i.e., a quadruple (a, b, c, d) of natural numbers, where a, b, c, and d 
are the numbers of elements of subsets A, B, C, and D, respectively, 
defined as 
- e E A iff e does not falsify any of the previous answers; 
- e E B iff e falsifies exactly one of the previous answers; 
- e E C iff e falsifies exactly two of the previous answers; 
- e E D iff e falsifies exactly three of the previous answers. 
At the beginning of the game the state is given by (2”, 0, 0,O). 
DEFINITION 1 [B]. Let (a, b, c, d) be a state when q questions remain 
to be asked. The weight of this state is 
wJu,b,c,d) = a 
((3 + b(M) + 4rf)) +4(a), 
where ((z>) = CT&(?). 
Let (a, b, c, d) be a state, and X, Y, Z, K be subsets of A, B, C, and D 
with cardinalities x, y, z, k, respectively. From the query “does e E X U 
Y u Z u K?,” in symbols [x, y, z, kl?, one obtains two new states 
YES a,b,c,d(~, y, z, k) and NO,,b,c,d(~, y, z, k), according as the answer is 
positive or negative, respectively. From the definition of state and weight, 
it follows that 
YES a,b,c,d(x~ Y, z,k) = ( ~,a-x+y,b-y+z,c-z+k), 
N%,b,c,d(X7 Y, z,k)=(u-x,x+b-y,y+c-z,z+d-k) 
and 
Wj(a,b,C,d) =Wj-~(YES,,b,.,d(x,Y,z,k)) 
+ wj-1(Noa,b,c,d(x7 Yy ‘y k)) 
for every j 2 1. 
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DEFINITION 2. For any state (a, b, c, d), the number ch(a, b, c, d), 
called the character of this state, is defined as 
ch(a, b,c, d) = min{q: w,(a, b, c, d) I 24). 
DEFINITION 3. State (a, b, c, d) is called nice iff the Questioner wins in 
ch(a, b, c, d) questions starting from this state. 
DEFINITION 4. State (a, b, c, d) is called balanced iff there exists a 
query [x, y, z, k]?, such that 
IWq-1(~K7,b,,,d(~~ Y, 274) - Yp1(NOa,b,C,d(X7 Y9 7-7 k))l 22 1, 
with q = ch(a, b, c, d). Any such query [x, y, z, k]? is said to balance state 
(a, b, c, d). 
From this definition it follows that if a query [x, y, z, k]? balances the 
state (a, b, c, d) and ch(u, b, c, d) = q, then 
ch(Yi%,b,,,&, Y, 2, k)) I 4 - 1 
and ch(NO,, b, c, d (x, y, 2, k)) < q - 1. 
DEFINITION 5 [G]. Let ch(a, b, c, d) = q. The state (a, b, c, d) is called 
O-typical, iff it satisfies the following three conditions: 
(i) a = 0; 
(ii) c 2 b - 1; 
(iii) d 2 4. 
3. MAIN RESULT 
THEOREM. Let A’= N \ (2,3,5}. Then for each m E J’ the state 
(1, m, (T), (:)I is nice. 
States m = 2, m = 3, and m = 5 are not nice and will be considered in 
Section 5, where it will be shown that the minimal number of questions is 
given by the previous lower bound increased by one. As a corollary of the 
theorem and of the results of Section 5, the main result of the paper easily 
follows: 
COROLLARY. Let m E JV, and L = min 1: 2”((:)) I 2’, then L queries 
are necessary and sufficient to find u number in the search space (1,2, . . . ,2”} 
when up to three lies are allowed. When m = 2, 3, or 5, the minimal number 
of queries is L + 1. 
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Proof of Corollary. The case m = 2,3,5 is considered in Section 5. As 
for the remaining cases, note that starting from state (2”, O,O,O>, m 
consecutive questions can be asked in such a way that the state given by a 
positive answer is equal to the state given by a negative answer. One 
might, for instance, let the ith question ask “Is the ith binary digit equal 
to one?.” After the first i questions, the state will be given by 
( 
zrnwi, (i - 1)2m-‘, (ii l)2m-i,(i; 1)2m-i) 
and the query 
[ 
2m-i-1, i2f?-i-l , (1)2m-i-l, (:)2m-i-*1? 
yields two equal states 
( 2m-i-1, (i + 1)2m-i-l, (i ‘2 1)2m-i-l, (i ‘; ‘)2”-‘-1). 
After the first m questions, the state (1, m, <y>, <T>> is reached. If 
the Questioner needs L = 4 + m questions to win the game. By definition 
of the character of a state, L is the least natural number 1 such that 
2”(9 I 2’. 
Hence, L = ch(2”, 0, 0, O), and from the main theorem it follows that the 
state (2”, O,O, 0) is nice. The fact that at least L questions are needed 
follows from the lower bound [RI. q 
In the sequel we shall naturally identify the state (b, c, d) for the 
two-lies problem with the state (0, b, c, d) for the three-lies problem. 
TABLE I 
Case m = 1, after the First Question 
Case State Ch Query State-YES State-NO 
m=l (l,l,O,O) 6 L 0, 0, Ol? (1, 0, l,O) CO,& 0, 0) 
(l,O,l,O) 5 [l, 0, 0, Ol? (l,O, 0, lja (O,l,l,O) 
(O,Z,O,O) 5 [O, LO, Ol? (0, 1, LO) (0, 1, 1,O) 
(0, 1, LO) 4 [a, 1 ? 0, al? (0, LO, lib (O,O, 2, OY 
aThis state is nice by Lemma 4. 
bThis state is nice by Lemma 1. 
‘This state is nice because it corresponds to the state (2,O) for the case with one 
lie, which is known to be nice [PI. 
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TABLE II 
Case m = 4, after the First Four Questions 
Case State Ch Query State-YES State-NO 
tTl=4 (1,4,6,4) 9 L L3,21? (1, 1,651 (0,4,4,5) 
(1,1,6,5) 8 [1,0,2,31? (LO, 3, 7ja (0,2,4,4) 
(0,4,4,5) 8 [0,2,2,31? (0,2,4,5) (0,2,4,4) 
(0,2,4,4) 7 10, 1,2,21? (0,1,3,4) (0,1,3,4) 
@,2,4,5) 7 [0,1,2,31? (0, 1,3,5) (0, 1,3,4) 
(0, 1,3,4) 6 [O, LO,41? (0, 1,0,7jb (0,0,4,0) 
(0,1,3,5) 6 [O, LO, 51? @,I, 0, 81b (0,0,4,OY 
‘This state is nice by Lemma 4. 
bThis state is nice by Lemma 1. 
‘This state is nice because it corresponds to the state (4,O) for the one lie case, 
which is known to be nice [PI. 
Proof of Theorem. Searching strategies for m = 1 and m = 4 are 
described in Tables I and II, respectively. These strategies are optimal, as 
a consequence of Lemmas 1 and 4 below, together with main result of [PI. 
The case m L 6 will be taken care of by Lemmas l-7. 0 
LEMMA 1. The state (0, LO, n) is nice for any natural number n. 
Proof. [C2, Lemma 31. 0 
LEMMA 2. Each O-typical state (a, b, c, d) with ch(a, b, c, d) 2 12 is 
nice. 
Proof. [G, Theorem 3.91. 0 
LEMMA 3. All O-typical states (a, b, c, d) with ch(a, b, c, d) I 12 are 
nice except those listed in Table VZ. 
Proof. [G, Appendix]. EI 
LEMMA 4. The state (1, 0, 0, n) is nice for any natural number n. 
Proof. We may assume n 2 1. Let ch(l,O, 0, n) = q. We prove the 
lemma by induction on n. The induction basis is trivial. Suppose that the 
result holds for any m I n. Then YES,,,,,,Jl, O,O, 0) = (LO, 0,O) and 
NO l,O,O,n(l, 0, 0,O) = (0, 1, 0, n). Two cases are possible: 
1. w,-,(l, O,O, 0) 2 w4- ,(O, l,O, n). In this case, 
w,-,(O, l,O, n) 5 24-1. 
The state (l,O, 0,O) is a winning state for the Questioner, and the state 
(0, 1, 0, n> is nice by Lemma 1. In any case, the Questioner wins with 4 - 1 
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more questions. It follows that the total number of questions is ch(1, 0, 0, n>, 
and hence the state (1, O,O, n) is nice. 
2. w,-,(l, O,O, 0) I w,-JO, l,O, n). It is easy to prove that (l,O, 0, n> 
is balanced. In fact, the query [l,O,O, xl? yields the states (l,O,O, x) and 
(0, LO, II - x). If x = 0, then w,-i(l, O,O, 0) I w,-,(O, l,O, n), if x = IZ, 
then w,-i(1, 0, 0, n) > w,-JO, 1, 0,O). Therefore, there will exist an x, with 
0 I x I 12 such that 
IY-tP-E~t,O,Cl,tl (LO,O, xl) - w*-,(~O,,,,,,,(~~O,O~ al 5 1, 
ch(YES,,,,,,.(l,O,O,x)) I q - 1 and ch(NOl,o,,,,.(LO,O, x)) I q - 1. 
Moreover, the state (l,O, 0, x) is nice by the induction hypothesis, and the 
state (0, l,O, it - x) is nice by Lemma 1. Therefore, the Questioner starting 
form (1, 0, 0, n) wins with q questions. 0 
LEMMA 5. The state (1, 0,3, n) is nice for any natural number n 2 7. 
Proof For 7 I n s 9 the proof follows from Table III. 
For the case n 2 10, let ch(l,O, 3, n) = q + 1. If we ask the question 
[l, 0, 0, xl? in state (1, 0,3, n), the resulting states are 
YES 1,0,3,n(Lf-40,X) = (1,0,0,3 +x) 
and NO 1,0,3,n(l,0,0,~)=(0,1,3,n-x).Then 
l%PS 1,0,3,nw704) - wa(N~t,~,~,.(1~o~o~~))l 
4 = I( 1 3 -3q-n+2x. 
TABLE III 
First Part of the Proof of Lemma 5 
Case State Ch Query State-YES State-NO 
n=7 (1,0,3,7) 7 [l, 0, 0,21? (l,O, 0, %a (0, 1,3,5) 
(0,1,3,5) 6 LO, 1, 0,51? (0, LO, 81b (0, 0,4,0) 
m=8 (1,0,3,8) 7 [1,0,0,31? (1, O,O, 6ja (0,1,3,5) 
(0,1,3,5) 6 LO, L&51? (0, 1, 0, 81b (0,0,4,OY 
m=9 (1,0,3,9) 7 LO,O,41? (l,O, 0,7)” (0, 1,3,5) 
(0,1,3,5) 6 [O, 1, 0,51? (0, 1, 0, 81b (0,0,4,OY 
“These states are nice by Lemma 4. 
bThese states are nice by Lemma 1. 
‘This state is nice, because it corresponds to state (4,O) in the case of one lie, 
which is known to be nice [PI. 
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If we set x = [(n + 3q - (:))/2] (where as usual, lx] is the greatest 
integer I XI, then 
In order to prove that [l, O,O, xl? is an admissible question we have to 
check that 0 I x 2 II. For PZ = 10, we have q = 6 and then 
n+3q- 
9 
i 1 3 2 0; 
hence x 2 0, because q, as function of n, grows slower than n. The 
second inequality is proved analogously. Hence the state (l,O, 3, n> is 
balanced by the query 11, 0, 0, xl?. 
Let us now consider states 
and 
YES ,,0,3,n(LmX) = (1>0,0>3 +x) 
NO 1,0,3,#,u4~) = (%1,3,n -x). 
The first one is nice by Lemma 4. The second state is O-typical. In fact, 
conditions (i) and (ii) of Definition 5 are clearly satisfied. Condition (iii) 
holds, too, since n - x 2 q for n = 10, and n grows slower than IZ. 
For every n such that q 2 12, the state (0, 1,3, IZ - x) is nice by Lemma 
2. For every 12 such that q < 12 the state is nice by Lemma 3. 
Following the above search strategy, from state (1, 0,3, n) we obtain the 
states YES,, O, 3, n = (LO, 0,3 + x) and N01,0,3,. = (0, 1,3,n - x). Since 
both states are nice, then so is (1, 0,3, n). 0 
LEMMA 6. The state (1, m, <y>, <r;I>> is nice, for every m with 6 I m I 32. 
Proof First note that ch(l, m, <r;l>, <r;I>> equals 10 for 6 I m I 8, 11 for 
9 I m I 12, 12 for 13 I m I 17, 13 for 18 I m I 23, and 14 for 24 I 
m I 32. It suffices to prove the lemma for m = 8,12,17,23,32, since 
whenever a, I a, 6, I b, cr I c, d, I d, the minimal number of ques- 
tions necessary to win the game beginning from the state (a, b, c, d) 
trivially cannot be less than for state (a,, b,, cl, d,). 
As shown in Table IV, analysis of the first three levels of the search tree 
is sufficient to prove the lemma. q 
LEMMA 7. The state (1, m, <:I, <r;I>> is nice for all m 2 33, 
ProoJ For m 2 33 we have 
;rn3 + Em + 1 I 2m/2, 
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TABLE IV 
A Proof of Lemma 6 
Case State Ch Query State-YES State-No 
m = 8 (1,8,28,56) 
(1,4,14,40) 
(1, 1,8,45) 
m = 12 (1,12,66,220) 
(1,6,33,149) 
(l,l, 18,156) 
m = 17 (1,17,136,680) 
(1,8,69,449) 
(1, 1,37,383) 
m = 23 (1,23,253,1771) 13 [l, 11,115,946]? (l,ll, 127,1084) (0,13,149,940)’ 
(1, 11,127,1084) 12 [l, 1,58,767]? (1, 1,68,836) (0, l1,70,375)C 
(1, 1,68,836) 11 [l, 0,2,7001? (l,O, 3, 766jb (0,2,66, 138ja 
m = 32 (1,32,496,4960) 14 [l, 16,232,2545]? (1,16,248,2809) (0,17,280,2647)’ 
(1,16,248,2809) 13 [l, 1,116,1852]? (l,l, 131,1984) (0,16,133,1073) 
(1, 1,131,1984) 12 [l, 0,2,16351? (l,O, 3, 1764jb (0,2,129,351)’ 
10 [l, 4,10,221? (1,4,14,40) 
9 [l, 1,5,36]? (1, 1,8,45) 
8 [l, 0,2,29]? (1, 0,3,35P 
11 [l, 6,27, llO]? (1,6,33,149) 
10 (1, 1,13,136]? (1, 1,18,156) 
9 [l, 0,2,1201? (l,O, 3, 1361b 
12 [l, 8,60,373]? (1,8,69,449) 
11 [l, 1,30,3441? (1, 1,37,383) 
10 [l, 0,2,316]? (l,O, 3,351P 
(0,5,22, 44ja 
(0,4,10,9) 
(0,2,6,18) 
(0,7,45,137) 
(0,6,21,26) 
(0,2,16, 38ja 
(0, 10,84,367)= 
(0,8,40,135) 
(0,2,35,69) 
‘This state is nice by Lemma 3. 
bThis state is nice by Lemma 5. 
‘This state is nice by Lemma 2. 
this inequality is equivalent to 
(m/2)3 + 5(m/2) + 6 (m/2)2 + (m/2) + 2 
which implies 
ch(l,m,(T),(y)) sm/2. 
Our optimal searching strategy will be a generalization of the strategies 
given in Table IV for the proof of Lemma 6. We show how the (m + ljth, 
(m + 2)th, and (m + 31th questions should be asked in order to invariably 
obtain nice states from state (1, m, <I;I>, <T)). We use the abbreviations 
(1, b,, c,,, d,) instead of (1, m, <;I, (T)); using Table V, (1, b,, ci, d,) and 
(1, 1, c2, d2) will respectively denote the states obtained after a positive 
answer to the first and second question; also, for each i = 1,2,3, we let 
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states YES, and NUi follow from the positive or negative answer to the ith 
question, respectively. We let the integer 4 be defined by 
4 = +,m(;),(rjr)) - 2. 
Depending on the values of x, y, z, our six states can be concisely 
written as 
YES, = (1,0,3,c, - 2 + z), 
NO,=(0,2,c,-2,2+d,-z). 
The actual values of x, y, z yielding our optimal strategies are given by 
do+213 -co-2~~]-((q;1))+((q;l))(b,+1-2~;~) 
bo 
+(q+2) c,+4 z 
( X= ‘I 
+(q+l)(c1+2-b1+2[~]-21~1) 
+d,-cl+2 2 -2 
I I 
2 
d,+4-c,-((q;1))+2((q;1))+q(cz-5) 
i?= 
2 
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TABLE V 
Sketch of Proof of Lemma 7 
(1, bo, co, do) 
(4 b,, clr 4) NO, 
nice by Lemma 2 
YL, 1 
(1, 1, cz, 4) 
NO2 
[l,O,Zzl’ 
nice by Lemma 2 
I\ 
YES, NO3 
nice by Lemma 5 nice by Lemma 2 
As a matter of fact, in Section 4 we prove the following results: 
- Sublemma 7.1. The above values of x, y, and z are admissible, in 
the sense that 0 _< x < d,, 0 I y 5 d,, and 0 I z I d,. In addition, for 
these values of x, y, and z, the three questions of Table V balance their 
corresponding states. 
- Sublemma 7.2. States NO,, NO,, and NO, are nice. 
- Sublemma 7.3. State YES, is nice. 
From the three sublemmas, the proof of Lemma 7 immediately follows 
(again, see Table V). After the proof of Lemma 7, the proof of our main 
theorem is complete. q 
Remark. In the particular case when the search space is the set 
{O, 1,. . * , 220 - 11, the minimal number of queries is 
min q: 
(( 1) 
; 220 s 29 = 33. 
Since 219 < lo6 < 220, this answers Ulam’s problem for the case of three 
lies. In [N], this result was found using a different technique. 
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4. PROOF OF SUBLEMMAS 7.1-7.3 
The proof will proceed through Claims l-7 below. By definition, the 
number q is given by ch(1, b,, cO, d,) = q + 2, where b,, co, and do are as 
above. The query 
(Ql) 
yields states 
b0 
+ 2 +xy II 1 
=I((“; l)) + ((q; ‘i)(#J -bo- 1) 
+~q+2,ib,-#~ +2[;] -co) 
+co-2[;] +21;]-do+2X1. 
As in the previous section, defining x by 
do+2[4 -co-2~~]-((4;1))+((q;l))(bo+1-2[;]) 
x= 
2 
it follows that Iw,+,05!ZS,) - w,+,(NO,)I I 1. 
CLAIM 1. With x as given by (* ), query (Ql) is admissible. 
Proof. We have to prove that 0 I x I do. To this purpose, we first 
prove 
x L 0. (1) 
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By definition of x, to prove (1) it suffices to prove 
do+2[;j -%-2[!gq -((":'))+((~;'))(bn+1-2~;]) 
+(q+2)(co+4[;j -,,-2~~])-l~O (14 
whence, a fortiori, it suffices to prove 
d,-2-2[+J -((":'))+((":'))+(q+2j(b,-2) 20. 
(lb) 
Since ((” l ‘)) - ((” l’)> = (” i ‘) and b, 2 33 by assumption, we can write 
(q + 2X& - 2) 2 2 + 2[b,/2]. Therefore, (lb) is a consequence of the 
inequality 
d - q+l ro 
0 
( 1 3 -* 
(14 
Now, for all m 2 33, ch(1, m,(y), (r;l)) I m/2, and we have that 
(Y)qq;l)T 
whence, by definition of da, (lc) follows. This establishes inequality (1). 
There remains to be proved 
x I d,. (2) 
This is weaker than 
do+zL31 -co-2[;J -((";'))+((";l))(bo+l-2[y) 
+(q+2) c,+4 2 ( [bo]-bo-2[;])<2do, (3 
which, in turn, follows from 
do+,,.2~~~+((q;‘))-2~~~-((q;1))(b,+l-2[~~) 
-(q+2)(c”+4[;] -b,-2~;~)~0, (2b) 
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and, a fortiori, from 
d,+b,-1+((~;1))-2((~;l))-(q+2)(b,-l)~O. (2c) 
Since ((” : ’ >> - ((” : ‘)I = (” : ‘), to prove (2~) it suffices to prove that 
~,+(q;l)-((q;l))-(q+l)(b,-l)>U. (2d) 
By definition of d,, b,, and q, our standing assumption implies that 
d,-(q+1Xb,-1)~Oand(4~’ ) r ((” i ‘1). These last two inequalities 
are stronger than (2d), whence (2) is proved and Claim 1 is settled. 0 
Chuh4 2. The state 
NO, = (O,b, + 1 - [&,/2],44,/2] + co - [c,/2J, [co/4 
- lb,/21 + do - 4 
is nice. 
Proof. We first prove that the state is O-typical; i.e., it satisfies the 
three conditions of Definition 5 above. Condition (i) is trivially verified. 
Condition (ii) now has the form 
and its proof is immediate. Condition (iii) has the form 
El - 14J +d,-xrq+l, 
which is weaker than 
(da) 
Now, inequality (4a) immediately follows from the definition of co and 6,. 
We have proved that NO, is O-typical. Since m 2 33 and ch(N0,) 2 12, 
the state is nice by Lemma 2. This settles our claim. 0 
We now consider state YES, = (1, b,, cr, d,). Note that, 
ch(1, b,, cr, d,) = q + 1. 
The query 
(Q2) 
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yields the states 
YES, = 
( 
l,l,b, 
,,=(,,,,.,.,,-~~l+~~],~~l-~~l+d~-yi. 
A straightforward computation shows that 
+(q+ 1) b,-2+2 y ( I”‘] +I -c*) 
+q-2[3 +2[;J -d,i24. 
As in the previous section, let y be defined by 
@l - lm) - (M + (q + 1) Cl + 2 - I51 + 2 ( [:I - 2141) 
+d, - Cl + 2 ; -2; 
Y= 
II __. 
2 
(**) 
Then Iw,(YES,) - w&NO,) I I 1, whence query (Q2) yields two balanced 
states. 
CLAIM 3. with y as given by (* *), query (Q2) is admissible. 
ProoJ We must show that 0 I y I d,. We first prove 
y 2 0. (5) 
Proceeding as in the proof of Claim 1, from ( * * ) we see that (5) is weaker 
than 
(b, - 1)( “2)) - (( ;)) + (4 + ,,(c, + 2 - b, + 43 - 2[;J) 
+d,-cl+2~+2~+0, 
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which in turn is weaker than 
(h-1)((;)) - ((i)) +s+d,-2p,/2J20. 
Since (b, - 1)((I)) 2 1 + 2lb,/2], (5b) is weaker than 
(q+l)+d,- ; 20, 
it 1) 
i.e., weaker than 
(4 + 1) + co - ~$q+[~~+x-((~))20. 
Since ((;I) - (q + 1) = (1) + (;I, to prove (5d) it suffices to prove 
co - [?J + [;I i-x - (;) - (;) 2 0, 
and, since co - 1co/21 z (i>, (5e) follows from the inequality 
p,/2j +x - ; 2 0. ( 1 
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An elementary computation shows that (5f) follows from the stronger 
do+2[J --co- ((;)) + ((;))(bo+ +j) 
+(q+2) co-t4 ( [;I -b,-2[3) -2-2(i) 20. (5g) 
Consider the inequality 
+ (q + 2)(bo - 2) 2 0. (3 
This inequality certainly hoids under the assumption of Lemma 7, whence, 
a fortiori, (5g) holds, and so does (5). 
There remains to be proved 
y Id,. (6) 
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For this purpose, it suffices to prove 
(b1-l)((;))-((;))+(~+l)(c1+2-b1+f+~y) 
which in turn is weaker than 
and, a fortiori, weaker than 
d, + (6, - 1) + ((:)) -h(g)) + ((;)) -cI+l) 20. (64 
Since ((;I> 2 3(q + l), (6~) follows from the stronger inequality, 
4 + (h- 1) + ((;)) - b,((;)) 2 0. (64 
Now, (6d) holds under the assumed values of m, whence (6) follows, as 
required to settle our claim. q 
CLAIM 4. The state 
Iv02 = (O,b,, 1 + Cl - lc1/2J + [h/21~ lc1/21 - lV21 + 4 -Y) 
is nice. 
Proof. We first prove that the state is O-typical, i.e., it satisfies the 
three conditions of Definition 5 above. Condition (i) is trivially verified. 
Condition (ii) has the form 
which is weaker than 
Now, inequality (7a) immediately follows from the definition of c1 and b,. 
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Condition (iii) now has the form 
which is weaker than 
(8a) 
Now, inequality (8a) immediately follows from definition of cr and b,. We 
have proved that NO, is O-typical. 
Since m 2 33 and ch(N0,) 2 12, the state is nice by Lemma 2, and this 
concludes the proof of this claim. 0 
Having proved Claim 4, we consider state YES, = (1, 1, c2, d2). Note 
that ch(1, 1, c2, d,) = q. Let query (Q3) be defined by 
(Q3) [1,0,3, z]?. 
Then starting from state YES,, (Q3) yields states 
YES, = (1,0,3,C, - 2 + 2) 
and NO, = (0,2, c2 - 2,2 + d, - z). An easy calculation shows that 
IYAYES3) - Y-Iw%) I 
- 4 - c2 - q(c, - 5) - 2 ((“l’)) -d,+2zi. 
As in the previous section, let z defined by 
Z= I 
d2+4-.,-((";1))+q4;1))+q(c2-5) 
2 
I 
. (***) 
Then [IV,- r(Y&) - w4- r( NO,)/ 5 1, whence (Q3) yields two balanced 
states. 
CLAIM 5. With z as given by ( * * * 1, query (Q3) is admissible. 
Proof: We have to prove that 0 I z 5 d,. To this purpose, we first 
prove 
z 2 0. (9) 
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By definition of z, to prove (9) it suffices to prove 
d,-4-c,- ((‘;l)) +2((‘;l)) +q(c*-5)>0, 
and, since q(c, - 5) 2 c2, (9a) is implied by 
By definition of d,, the inequality (9b) holds and so (9) is proved. 
There remains to be proved 
z Id,. 
This is weaker than 
d,+4-c,- ((“31ii +2((‘;‘)) +q(c*-5) <2d, 
which, in turn, follows from 
d,+c,+ (‘;l) - ((“z’)) -q(c2-5) 20. 
(94 
(9b) 
(10) 
( lOa) 
( lob) 
Consider the inequality (” ; ’ ) 2 ((” ; ‘1); this certainly holds under the 
assumptions of Lemma 7, whence (lob) is implied by 
d, + c2 - q(c, - 5) 2 0. ( 1Oc) 
By definition of d,, c2, q, and under the assumptions of Lemma 7, this 
inequality holds, whence (10) is proved, and Claim 5 is settled. 0 
CLAIM 6. The state YES, = (l,O, 3, c2 - 2 + z) is nice. 
Proof. In order to prove the claim it is only necessary to show that 
c,--2+.zz7; (11) 
then the proof of the claim will follow from Lemma 5. By definition of c2 
(11) holds for z = 0 as well, whence, a fortiori, (11) holds, and the claim is 
proved. q 
CLAIM 7. The state NO, = (0,2, c2 - 2,2 + d, - z) is nice. 
Proof. We first show that state NO, is O-typical. Conditions (ii) and 
(iii) of Definition 5 are now 
c2 -221 (12) 
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and 
2+d,-z2q-1. (13) 
By definition of c2, d,, and z and by the assumptions of Lemma 7, the 
inequalities (12) and (13) hold, whence the state NO, is O-typical, and as a 
consequence of Lemma 2 it is nice too. 0 
Having thus proved Claims 1-7, the proof of Sublemmas 7.1-7.3 is 
complete, whence so is the proof of Lemma 7. 
5. THE THREE EXCEPTIONAL CASES 
This section is devoted to the proof of the following 
PROPOSITION. For m = 2, m = 3, and m = 5, the state (1, m,(y),(y)) 
is not nice. Indeed, the minimal number of queries is given by 
ch(l, m, CT>, (r;l>> + 1. 
Since queries [x, y, z, k]? and [a - x, b - y, c - z, d - kl? asked in 
the state (a, b, c, d) yield the same states, we can restrict our investigation 
to queries [x, y, z, k]? with x I a/2. 
CLAIM 1. Let S, = (a,, b,, cl, d,) and S, = (a,, b,, c2, d2) be two states 
with ch(a,, b,, cl, d,) = ch(a,, b,, c2, d,) and a, I a2, b, I b,, cl I c2, 
d, I d,. Zf S, is not nice then S, is not nice. 
Proof Trivial. 0 
In this case we say that the state S, includes the state S,. 
CLAIM 2. The state (0, 0,3,0) is not nice. 
Proof. This state corresponds to the state (3,O) for the case of one lie. 
We have that ch(0, 0,3,0> = 4, but in [PI it was proved that starting from 
the state (3, O), the Questioner needs five queries to win the game. 0 
CLAIM 3. States (0, 1,2,0) and (0, 1,2,1) are not nice. 
Proof. Since (0, 1,2,1) includes (0, 1,2,0), by Claim 1 it is only neces- 
sary to prove that state (0, 1,2,0) is not nice. In this case ch(0, 1,2,0) = 5. 
If we ask query [0, 1, x, O]? with 0 I x I 2, the resulting states are: 
~~,,1,2,,(0~ 1, x,0) = (0,1,x,2-x) and 
NO 0,1,*,0(0,1, x,0) = (0,093 -x,x). 
424 NEGRO AND SERENO 
Two cases are possible: 
1. x 2 1, then wq(O,l, x, 2 - x) = 11 + 5x + 2 - x = 13 + 4x > 24. 
Then no query [O, 1, x, O]? with x 2 1 can balance state (0, 1,2,0). 
2. x = 0, in this case we obtain the state NO,,, 1,2,0(0, 1, 0,O) = 
(0, 0,3,0), which is not nice by Claim 2. 
Then state (0, 1,2,0) is not nice. •1 
CLAIM 4. States (0,2,1,0) and (0,2,1,1) are not nice. 
Proof. Since (0,2,1,1) includes (0,2,1,0), by Claim 1 it is sufficient to 
prove that state (0,2,1,0) is not nice. In this case ch(O,2,1,0) = 6. Asking 
query [0, x, y, O]? with 1 I x I 2 and 0 I y I 1, the resulting states are: 
J-wl,2,1,0(0~-GYJv = (07x72 --x +Y,l -Y) and 
NO 0,2,1,0(04,Y~0) = (072 --x,x + 1 -Y,Y). 
Two cases are possible: 
1. x = 2, in this case: w,(O, x, 2 - x + y, 1 - y) = w,(O, 2, y, 1 - y) 
= 32 + 6y + 1 - y = 33 + 5y > 25, then the query [O, x, y, O]? with 
x = 2 does not balance the state (0,2,1,0). 
2. x = 1, in this case 
l for y = 0 we obtain the state NO,,% r,a(O, l,O, 0) = (0, 1,2,0), 
which is not nice by Claim 4. 
l for y = 1 we obtain YES,,,, 1,0 (0, 1, 1,0) = (0, 1,2,0), which is not 
nice by Claim 3. 
Then the state (0,2,1,0) is not nice. q 
CLAIM 5. The states (0,3,0,0>, CO,& O,O), (0,3,0, l), and (0,3,1,0) are 
not nice. 
ProoF The states (0,3,0,0) and (0,5,0,0) respectively correspond to 
states (3,0,0) and (5,0,0) for the case of two lies; in [G], it has been shown 
that these states are not nice. (See Table VI.) The states (0,3,0,1) and 
(0,3,1,0) are not nice because they include the state (0,3,0,0). 0 
CLAIM 6. The stute (l,O, 2,0) is not nice. 
Proof In this case ch(l,O, 2,0) = 6. The query [l, 0, x, Ol? with 
0 I x I 2 yields the states YES,,,,,,, (l,O, x, 0) = (l,O, x, 2 - x) and 
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TABLE VI 
States That are O-Typical But Not Nice [G, Appendix] 
Character State Value: of d Character State Values of d 
ch = 6 (O,l,S,d) 
(0,2,1, d) 
(0,2,2,6) 
ch = I @,2,7,4 
@,3,2, d 
(0,3,3, d 
(0,3,4, d 
ch = 8 @,3,15, d) 8<d<lO 
C&4,9, d 8sds27 
(0,4,10,4 8sds18 
(0,4,11, d) 8sds9 
(O,S, 474 8sds35 
(0,5,5,d) 8sds26 
(0,5,6,4 8<d<17 
(0,5,7,8) ch = 11 
6sds7 ch = 9 
6<d<13 
ch = 10 
(0,7,16, d) 9sds30 
(0,7,17, d) 9sd<20 
(0,7,18, d) 9<d<lO 
(0,8,9, d) 9sds54 
(0,8,10, d) 9sds44 
(0,8,11, d) 9sds34 
(0,8,12, d) 9sds24 
(0,8,13, d) 9sds14 
(0,9,8, d 9sds18 
(0,13,25, d) 
(0,13,26,10) 
(0,14,17, d) 
(0,14,18, d) 
(0,14,19, d) 
(0,14,20, d) 
(0,15,14, d) 
(0,15,15, d) 
(0,25,30, d) 
10 _< d I 21 
10 I d 2 53 
10 _< d I 42 
10 < d I 31 
10 5 d I 20 
10 I d _< 30 
10 I d I 19 
11 Ids 13 
NO 1,0,2& 0, x7 0) = al, 2 - x, x). There are two possible cases: 
1. Ifxk1thenw,(l,0,x,2-x)=26+6+2-x=28+5x225; 
hence no query [l, 0, x, Ol? can balance state (1, 0,2,0X 
2. For x = 0 we obtain the state NO,,,,,,,(l, O,O, 0) = (0, 1,2, O), 
which is not nice by Claim 3. 
Hence state (1, 0,2,0> is not nice. 0 
CLAIM 7. States (1, 1, 1,O) and (1, 1, 1,l) are not nice. 
Proof. Since (1, 1, 1,l) includes (1, 1, LO), by Claim 1 it is sufficient to 
prove that state (1, 1, 1,O) is not nice. In this case ch(1, 1, 1,O) = 7. The 
query [l, x, y, O]? with 0 5 x I 1 and 0 I y I 1 yields the states 
YES t,1,1,o(L x> Y70) = (1, x, 1 -x + y, 1 - y) and 
NO 1,1,1,O(LX~Y~O) = (W-x,x + 1 -Y,Y). 
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Two cases are possible: 
1. If x = 1 then w,(l, x, 1 - x + y, 1 - y) = w&l, 1, y, 1 - y) = 
42 + 22 + 7y + 1 - y = 65 + 6y 2 26; hence no query can balance state 
(1, 1, 1,0x 
2. If x = 0 then for y = 0 we obtain the state NO,, r, &, 0, 0, 0) = 
(0,2,1, O), which is not nice by Claim 4; on the other hand, for y = 1, we 
obtain the state YES,, l,l,o (l,O, 1,O) = (l,O, 2,0>, which is not nice by 
Claim 6. 
Then state (1, 1, l,O> is not nice. 0 
CLAIM 8. The state (1,2,0,1) i.s not nice. 
Proof. In this case we have that ch(l,2,0,1) = 7. If we ask the query 
[l, x, 0, y]?, with 0 I x I 2 and 0 5 y I 1, we obtain the states 
YES 1,2,O,l(L x,0, Y) = (1, x,2 -x9 Y) and 
NO 1,2,iJ,1(Ld4Y) = (0,3--x,x,1 -Y>. 
There are three possible cases: 
1. If x = 0, then w,(O, 3,0,1 - y) = 66 + 1 - y > 26, and hence no 
query can balance state (1,2,0,1). 
2. If x = 1 then YES 1,2,0, ,(l, l,O, y) = (1, 1, 1, y), which is not nice by 
Claim 7. 
3. If x = 2 then NO ,,2,0,1(1,2,0,y)=(0,1,2,1 -y), which is not 
nice by Claim 3. 
Then state (1,2,0,1> is not nice. 0 
CLAIM 9. The stutes (1, m,(y), (r;l>> with m = 2 and m = 3 are not nice. 
Proof. The states are respectively given by (1,2,1,0) and (1,3,3,1). 
Since (1,3,3,1> includes (1,2,1, O), by Claim 1 it is sufficient to prove that 
state (1,2,1,0> is not nice. In this case ch(1,2,1,0) = 8. The query 
D, x7 Y, w, with 0 I x I 2 and 0 I y I 1, yields two states 
YES 1,&1,OU, x, Y, 0) = (1, x,2 -x + y, 1 - y) and NO,,,,,,& x, y,O) = 
(0,3 - x, x + 1 - y, y). There are three possible cases: 
1. If x = 0 then NO i,*, Jl, 0, y, 0) = (0,3,1 - y, y); this state can- 
not be nice; as a matter of fact, for y = 0 we obtain state (0,3,1, O), and 
for y = 1 state (0,3,0,1), neither being nice by Claim 5. 
2. If x = 1 two cases are possible: 
l if y = 0 then yES,,,,1,0 (1 1 0 0) = (1, 1, 1, l), which is not nice , , , 
by Claim 7; 
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l if y = 1 then NO,,,,,,, (1, 1, 1,O) = (0,2,1, l), which is not nice 
by Claim 4. 
3. If x = 2 two cases are possible: 
l if y = 0 then YES,,,, 1,0 (1,2,0,0) = (1,2,0,1), which is not nice 
by Claim 8; 
l if y = 1 then N0,,2,1 a (1,2,1,0> = (0, 1,2, l), which is not nice , 
by Claim 3. 
Our analysis of state (1,2,1,0) is now complete, and the claim is settled. 
0 
CLAIM 10. The state (1, m, (y>, CT>> with m = 5 is not nice. 
proof. In this case the state is (1,5,10,10> and ch(l,5,10,10) = 9. The 
query [l, X, y, z]? with 0 IX I 5, 0 I y I 10, and 0 I z I 10 yields two 
states 
YES 1,5,10,10(1~ x3 YY z) = (17 x,5 -x + y, 10 - y + z), 
NO ~,~,~~,~,,(Lx,Y,z) = (0,6--x,x + 10 -Y,Y + 10 -z). 
Three cases are possible: 
1. If 0 I x I 1 then NO,,,,,, ,,(l,O, y, z) = (0,6 - x, x + 10 - y, 
y + 10 - z). In this case, (0,5,0,0) will be included in every possible state 
of the form (0,6 - x, x + 10 - y, y + 10 - z), whence the latter cannot 
be nice, since by Claim 5, (0,5,0,0) is not nice. 
2. If 2 I x I 3 then YES,,5,10,10(1, x, y, z) = (1, x, 5 - x + y, 
10 - y + z). For every x and y, this state is not nice, because it includes 
state (1,2,1, O), which is not nice by Claim 9. 
3. If 41x15 then w,(l,x,5-x+y,lO-y+z)=93+37x+ 
9(5-x+y)+lO-y+ z = 148 + 28x + 8y + z > 2*, for every x and 
y with 0 I y, z I 10. We conclude that no query can balance the state. 0 
Having thus settled Claim 10, we have completed the proof of the 
proposition stated at the beginning of this section. 0 
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